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Eigenvalue problem

Ax = Ax

A : eigenvalue

X : eigenvector
X spectrum: a set of all eigenvalue
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Eigenvalue

Eigenvalue A

(A—Al)x=0

if det (4—A1)=0  =>» x=0(trivial solution)
.. To obtain a non-trivial solution,

det (4A-Al)=0
2> dy —A dp dy,
iy ay —A Don | _ 0
dy
) ) e, —A

;Characteristic equation
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Properties of Eigenvalue

1) Trace A:Zn:aii =Zn:/1i
i=1 i=1
2)det 4=114,
i=1

3) If Alis symmetric, then the eigenvectors are
orthogonal: 0, 1# ]
Xi X = L.
G, 1=]

4) Let the eigenvaluesof A=A,4,,--- A
then, the eigenvalues of (A - al)

=A-a, A, —a,-, A —a,
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Geometric Interpretation of Eigenvectors

Transformation Ax
Ax = Ax : The transformation of an eigenvector
IS mapped onto the same line of x.

Symmetric matrix - orthogonal eigenvectors

Relation to Singular Value
if A is singular 2> 0 € {eigenvalues}
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Eg. Calculating Eigenvectors(l)

Exercise
1) [—5 2 7 ;symmetric, non-singular matrix
{ o _2} ( A=-1, -6)

2) | =5 1 | ;non-symmetric, non-singular matrix
( l: _3) _4)
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Eg. Calculating Eigenvectors(il)

3) 1 271 ;symmetric, singular matrix
[2 4} (A=5,0)

4) (1 2 ; non-symmetric, singular matrix
3 6 (A=7,0)
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Discussion

symmetric matrix
=> orthogonal eigenvectors

singular matrix
=> 0 &{eigenvalue}

Investigation into SVD
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Similar Matrices

Two n x n matrices A and B are similar if a matrix S exists with A = S~'BS. The
important feature of similar matrices is that they have the same eigenvalues. The next result
follows from observing that if Ax = AX = S—'BSx, then BSx = ALSX. Also, if x #= 0and S

is nonsingular, then Sx # 0, so Sx is an eigenvector of B corresponding to its eigenvalue A.

Eigenvalues and eigenvectors of similar matrices

Suppose A and B are similar n x n matrices and A is an eigenvalue of A with associated
eigenvector X. Then A is also an eigenvalue of B. And, if A = S~I'BS. then Sx is an
eigenvector associated with A and the matrix B.

Eg. Rotation matrix
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Similarity Transformation

Coordinate transformation
<« X=Rx, y’=Ry LA

Similarity transformation
oo y:AX
» Y'=Ry=RAx=RA(R" x’)= RAR" x’=Bx’

B = RAR-1
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Similarity Transformation in CG

'=TX (camera coordinate transformation)
Y=AX (object transformation seen from C)

What would be the object transformation B seen from C’ ?
Y’=BX’
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X’=TX (camera coordinate transformation)
Y=AX (object transformation seen from C)

What would be the object transformation B seen from C’ ?
=TY=TAX=TAT ' X’=BX’

B=TAT-
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Numerical Methods(l)

Power method

< |teration formula

Ax® = y(k+1) — kD) (k)

« for obtaining large A
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Eg. Power method

OlH 3-17 thE AFAM 7HF E TR AT THUEHE ISP R Tt

[ 3

2 —2

2713 xg

o] A

o

x=x"< 2)(3-57a) thgste A3t

—5 2”1
2 =2 0

o] A& 4](3-57b)9] $w3} o] WHY,

e

Ax" = [

w2 A

SIRER-4

oltt. o]H g #A

s wEaY 1 AnE oD 2o,
HHE3 A Xy Ly
0 1.000000 1.000000
1 —3.000000 1.000000 0.000000
2 —5.000000 1.000000 —0.400000
3 —5.800000 1.000000 —0.482759
4 —5.,965517 1.000000 —0.497110
5 —5,994220 1.000000 —0.499518
6 —5,999036 1,000000 —0.499920
7 —5.999839 1.000000 —0.499987
8 —5.999973 1.000000 —0,499998

U F M

Tagst TeuEE 0o 2o
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Numerical Methods (Il)

Inverse power method

< |teration formula
A—lx(k) :y(k+1) = Ay(k+1) :x(k)

< Le=x", 09" =¢

<« for obtaining small A
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Exploiting shifting property

Let the eigenvaluesof A=A4,4,,---4
then, the eigenvalues of (A - al)

= h-ad a4, -,

* Finding the maximum eigenvalue with opposite sign after obtaining A

 Accelerating the convergence when an approximate eigenvalue is available
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Deflated matrices

i - - . ~ . . . ( 7
Suppose Aq, Aa. ..., A, are eigenvalues of A with associated eigenvectors v, v(?,
.., v and that A, has multiplicity 1. If x is a vector with x'v'" = 1, then
B=A—vx
has eigenvalues 0, 15, A3, ..., A, with associated eigenvectors v\, w® w  w)

where v\’ and w'’ are related by the equation
v = — 2w o xXw v,

foreachi =2, 3, ..., n.

It is possible to obtain eigenvectors one after another

Properly assigning the vector x is important

Eg. Wielandt's deflation
I

)\. ] l’

X = (I_)((l;].(l,'g.....(I,‘,,){.

[
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Eg. Using Deflation(l)

Example 4 The symmetric matrix

4 -1 1
A=| -1 3 =2
1 =2 3

has eigenvalues 41 = 6. 2, = 3. and A3 = 1. Assuming that the dominant eigenvalue 1| =

6 and associated unit eigenvector v = (1. =1.1)" have been calculated. the procedure
jJust outlined for obtaining 4, proceeds as follows:

I ‘11 2 11y
X=—| =l |=|z.—=-7) .
6 1 37676
2 11
| 3 6 6
e N e B
I 2 11
3 6 6
and
C o4 -1 1] It b
B=A-uv"x'=|-1 3 =2|-06/-% 1 I
| =2 3 2 1 1
- = 3 6 6
T 0 0 0]
= 3 2 -l
-3 -1 2]
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Eg. Using Deflation(ll)

Deleting the first row and column gives

, [ 2 -1
v=[2 7]

. . . . 3/
which has eigenvalues 1, = 3 and 43 = 1. For 4 = 3. the eigenvector w2 can be
obtained by solving the second-order linear system

(B'=30Hw? =0, resultingin w2 =(1,=1)".

Adding a zero for the first component gives w'?' = (0. 1, —1)" and

. 2 1 1
2y { - — _ [ t
v =(3-6)0,1,-1) +6[(3. 6.6)(0.1. l)](l. 1. 1)

=(=2.—1.1). u
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Numerical Methods (lll)

Hotelling's deflation method

< Iteration formula:
— T 1
Ai+1 — Ai o /Iixixi gIven li’xi
< for symmetric matrices
+ deflation from large tosmall 4
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Numerical Methods (IV)

Jacobi transformation

« Successive diagonalization without changing A .

< for symmetric matrices

« Atomic transformation: . - : %
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Homework

Generate a 11x11 symmetric matrix A by using random
number generator(Gaussian distribution with mean=0

and standard deviation=1.0]). Then, compute all
eigenvalues and eigenvectors of A using the routines in

the book, NR in C. Print the eigenvalues and their
corresponding eigenvectors in the descending order.

You may use

jacobi(): Obtaining eigenvalues using the Jacobi
transformation

eigsrt(): Sorting the results of jacobi()

Department of Computer Science, Hanyang University



