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Linear Systems

input output

A general deterministic system can be described by an operator, H, that maps an input, z(t), as a function of ¢ to an
output, y(t) a type of black box description. Linear systems satisfy the property of superposition. Given two valid inputs

1(t)
a(t)
as well as their respective outputs
n(t) = H{z:(t)}
ya(t) = H {x5(t)}
then a linear system must satisfy
ayi(t) + Bya(t) = H {axy(t) + fa(t) }

for any scalar values v and 3.

[ from Wikipedia]
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Notation and definitions

One-dimensional signal
Continuous signal :  f(x),u(x),s()...
Sampled signal : u,,u(n),....

Two-dimensional signal

Continuous signal : u(x,y),v(x,y), f (x,Y),...

Sampled signal : u, ,,v(m,n),u(, j),..
L, j, k, I, m, n, ... are usually used to specify integer
Indices

Separable form : f(x,y)=f(x)f(y)
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Delta function

2-D delta function
« Dirac : o(x,y)=6(x)a(y)
Property
[ e yns(=x,y—yydxdy'= £(x,y),
lim__, j fgS(x, y)dxdy =1

Scaling : 6(ax) =o(x)/ | a|,
o(ax,by)=0o(x,y)/|ab|,

<« Kronecker delta : 6(m,n) =6(m)o(n)
Property
x(m,n) = Z Zx(m n')s(m-m',n—n'), Z 25("1 n)=1

m'=—co n'= M=—00 N=—
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Special signals

Some special signhals(or functions)

TABLE 2.1 Some Special Functions

Function Definition Function Definition
Dirac delta 3(x)=0,x #0 Rectangle rect (x) = { (1]’ iii f i:z
, p
. * 1, x=0
] d(x)dx =1 ’
e (x) Signum sgn (x) =I 0, x=0
Sifting . —1, %<0
property | _£(x')8(x =x") dx’ =f (0 i
Sinc sinc (x) = e
Scaling
property 8 (ax) = E-lg—‘]:l -
Comb comb(x)= 2, 8(x —n)
Kronecker 0 £0 n=
delta S(H)={]’ ﬁ ~0
: . =1kl =1
Sifting B Triangle tri (x) = { 0, | >1
property 2, f(m)3(n —m)=f(n)
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Linear and shift invariant systems

x(mn) ——  H[¢] —— y(mn)=H[x(m,n)]

Linearity
H[a,x, (M, n)+a,x,(m,n)]=aH[x (m,n)]+a,H[x,(m,n)]

= aiyl(m! n) Ta Y, (m’ n)’ for vaw CPY Xl(')’ X5 ()
 Output of linear systems
y(m,n) =H[x(m,n)]=H[> > x(m',n")s(m-m',n—n")]
:ZZx(m',n')H[m5(Fn—m',n—n')]

— impulse response, unit sample response,
by superposition point spread function(PSF)

* Definition of impulse response
h(m,n;m',n")=H[6(mMm-m',n—n")]
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Shift invariance

Shift invariance
If y(m,n)=H[x(m,n)] and definition of
y(m—m,,n—n,) = H[x(m-m,,n—n,)], for vm,,n, shift invariance

then, h(m,n;m,,n,)=h(m-m,,n—n,)

Output of LSI(linear shift invariant) systems

y(m,n) = ZZ x(m',n")h(m—m',n—n")  (2-D convolution)

©y(m,n)=H[x(m,n)]=H [ZZ x(m',n)6(m-m’,n—n’)] by superposition
mon of linearity

=ZZX(m',n')H[5(m—m',n—n')] ? by definition of
nr impulse response
=% x(m',n")h(m,n;m’, n’)

? by shift invariance
=> > x(m',n")h(m-m',n—n")
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Stability

Stability
< Definition : bounded input, bounded output

If | x(m,n)|<oo, then|H[x(m,n)]<

« Stable LSI systems(necessary and sufficient condition)

S 3| h(m,n) | <o

M=—00 N=—00
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The Fourier transform

Definition
< 1-D Fourier transform

f(X) = ji F (u) exp( j272ux)du
() Fu)= [ f(x)exp(- j2zux)dx

<« 2-D Fourier transform

f(x,y)= j“; j‘: F (u,v)exp( j27(xu + yv))dudv

() F(u,v)= f:o f:o f (X, y)exp(—j2z (ux +vy))dxdy
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Frequency domain

Properties
+ f(t) > F(o) ; ® = angular frequency
« f(x,y) > F(u,v) ; u,v = spatial frequencies that represent
the luminance change with respect
to spatial distance

=== high spatial frequencies

edge
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Properties of Fourier transform

< Uniqueness

f(x,y) and F(u,v) are unique with respect to one
another

< Separability

Fuv)=[" [ f(xy)exp(-j2zux)dx]exp(-j2zvy)dy

< Convolution theorem

g(x,y)=h(x,y)*f(xy) (= Guv)=H(Uv)F(u\)
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< Inner product preservation

[T ooy (x yydxdy =" [* F(u,v)H" (u,v)dudy

Setting h=f, Parseval energy conservation formula

[ 1ty Pdxdy=[" [ |F(uv)[ dudv

< Hankel transform : polar coordinate form of FT

F.(S,9) =F(Scosg,&sing)
= _[02” j: f,(r,0)exp[—j2zr s cos(6 —¢)]rdrd @

where f (r,8)= f(rcosé,rsing)
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Fourier series

1-D case

x(n) = '[_0055 X (u) exp(— j2znu)du

() X(u)= D x(mexp(-j2mu), -05<u<05

N=—o
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2D Fourier series

2-D case
Xx(m,n) = _[ _[ X (u,v)exp( j2z(mu, + nv))dudv

<:> Xuv)= S S x(m n)exp(-j2z(mu+nv)), —0.5<u,v<0.5

X (u,v) is periodic : period = 1
X (u,v)=Xuzk,vtl), k,1=012,---

Sufficient condition for existence of X (u,v)
— XY= S S x(m, n)exp(— j2z(mu +nv))|

M=—00 N=—00

< Z le(m n)||exp(—j2(mu +nv)) | < z z|x(m n)| <o
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Eg. 2D Fourier transform

original 256x256 lena

normalized spectrum
(log-scale)
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TABLE 2.4 Properties and Examples of Fourier Transform of Two-Dimensional Sequences

Property Sequence Transform
x(m, n), y(m, n), h(m, n),--- X (w1, 2), Y(wy, wp), H(wy, 02), -

me‘:aﬁtjf iy X (m, n) + o X2 {m, ﬂ) [ 8 X]_ (ml, (:)2} + ﬂzXz (l'.l)h [IJQ)
Conjugation x* (m, n) X* (—wy, —wa)
Separability x1 (m) x2 (n) X (w1) Xz (002)
Shifting x(m = mo, 1 £ no) exp [£j(o w, + npw2)] X (w1, w2)
Modulation CXp [:':j(l‘.l.)mm + w2 n)]x (m, fl) X ((I.h + gy, W + {!.}03)
Convolution y(m, n)=h(m, n)@x(m, n) Y (w1, 02) = H(w, 02) X (w9, w2)
Multiplication h{m, n)x(m, n) (alw-z) H(w, w:) ® X (w;, ws)

Spatial correlation c(m, n) = h(m, n) *x(m, n)

I= 22> x(m n)y*(m, n)

[nner product

B, BR= -

= S x(m, n)f

Energy conservation

L T ]

EWE exp [j(mwor + nwe)]

m'ﬂ-—:D

&(m, n)

C(wi, w2) =Hl:—m1, _Wz)X(mn ws)
I=-4%J f X (w1, 03) Y* (601, 02) don dws

b i

%=$J._ J_ !.X(l‘.ﬂ[,ﬁ)z”zdmldmz

47 8 (w1 — war, W2 — Wo2)

ﬁf J exp[—j(wim + wyn)] dw, dw:
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Sampling and aliasing

ity

W

!
(b)

aliased Fourier transform

—true Fourier transform
L

2A
(c)
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Sampling Theory

© For One-Dimensional Signal

> [
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Sampling Theory (cont.)

For One-Dimensional Signal (cont.)

S4(f) T Sq(f)
f ‘ ‘ ‘ ‘ .
B|B 2f 0 2f

£ =1/At Nyquist Sampling Rate
° fs > 2B

reconstruction filter

. 2f,  3f Af,
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Sampling Theory(cont.)

For Two-Dimensional Signal
< Band-limited Image

Fourier Transform of Its region of support
a bandlimited function

Department of Computer Science, Hanyang University



Sampling Theory (cont.)

For Two-Dimensional Signal (cont.)

< Structure
Orthogonal Structure (Rectangular Tesselation)
Field Quincunx Structure (Triangular Tesselation)
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Sampling Theory(cont.)

For Two-Dimensional Signal(cont.)
Structure(cont.)
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2D sampling

—
© For Two-Dimensional Signal (cont.)

< Orthogonal Structure (Rectangular Tesselation)

950 ) =906 y) s y) T3> S, (1Y) =5, UV @S, (u)
(Fourier Transform)

- Sampling Function
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2D sampling - Spectrum

For Two-Dimensional Signal (cont.)
Orthogonal Structure (cont.)
Spectrum of sampled signals

. // o

D &

\ | \
Ay Sk v S < U Av yAu o
T X X T X X T <>>

(a) sampling function (b) spectrum of sampling

function and signal (c) spectrum of sampled signal
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2D sampling - Reconstruction
—

© For Two-Dimensional Signal(cont.)
< Orthogonal Structure(cont.)
- Reconstruction of the original image from its samples

- Nyquist Sampling Rate(or Frequency) and Nyquist
Interval
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Reconstruction Filter

rectangular filter cylindrical filter

/: — A

--7 < D

h (x,y) = K sin @, XIS'M y]

27w,yJ 1(00 X +y

hC (X’ y) - m

where J,(-) is a first-order Bessel function
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Aliasing effect

For Two-Dimensional Signal(cont.)
< Orthogonal Structure(cont.)
Aliasing Effect
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Eg. Aliasing

For Two-Dimensional Signal (cont.)
< QOrthogonal Structure (cont.)
Aliasing Effect (cont.)

it .
“ H\ "l:,)l‘:i'j, :C\ ITHTHIH

\
|
\\

Zone Plate image (o = 1) Aliasing (o =2)
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Eg. Aliasing

Examples

Little aliasing due to an effective antialiasing filter Noticeable aliasing
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Practical limitations in sampling

Practical Limitations
Real-world images are not band-limited.
aliasing errors
can be reduced by LPF before sampling
LPF attenuate higher spatial frequencies
Resolution loss
blurring

No ideal LPF at reconstruction stage.
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Sampling aperture

Finite aperture (finite duration pulse)

pit)

%y (1)

x(t) 1 : - Xp (1)
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Reconstruction

Reconstruction of a signal from its sample using

Interpolation

(@)

Ideal

low pass x(1)

xp(t)—>

x(t)

()
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Linear interpolation

linear interpolation

ht)

Y x(t)
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First-order
hold

. Ideal interpolating
filter
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Sampling Theory(cont.)

Two-dimensional

n = 3, cubic splines
P, {x}

£n convolutions

One-dimensional Definition interpolation Frequency
interpolation Diagram plx) function response PyiEy, O
function palx, ¥ = plxiply) PylEy, Ep)
Rectangle 1 1.0
(zero-order hold) Ax 1 X o (X}o ) sinc £y )sinc( 2 )
ZOH —— rect (K_) e PotY 28,0 ZEyO
Potx} x Ax X N 2N
_ax O Tax =] o e
2 2
Triangle s L - ( L) 10
{first-order hold) Ax Ax Ax £ 2
FOH pq(x1p ) [smc ( 1 )sinc( 2 )]
p1(x) 2Ex0 ZEVD
x
—-Ax Ax Pox) O p,ix} —| 4 e
nth-order hoid 1 1.0
n =2, quadratic P Xy @ - ®p,ix) b, (x)p,ty) [sinc (EL) sinc (5_2)]’1
Exo EVO

1.0
Gaussian 1 I:_ 2 ] [_(X2 + Vz)] o 2.2182 o g2
exp = ax = 7 exp [—2a202{£] + E3}]
pg(x) \/2ﬂ02 202 2102 e 202 ! :
X
A—[ 20 i<—
1.0
Sinc — sinc (i) 1 sing (L) sinc (~x—) rect ( & )rect ( )
x Ax AxAy Ax Ay 2,4 2,0
-

F=

zixu
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Convolution(l)

Def.

gxh = /m g{rih(t —7)dr

—

st V .
AN

t
rEs(t) N ,
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Convolution(ll)

Convolution theorem

g*h = GUfIH{])

o direct convolution=» complex computation

o FFT and multiplication=» less computation
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Convolution(lI)

Convolution of discrete sampled function

M /2

(r*s); = > Sk Tk

k=—M/2+1

B A ISR I I I
0 l N1

L3

—1
1

ot
[ -
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Convolution(IV)

Trouble in using DFT of finite duration

=» End effects
=>» Treated by zero padding
End effect

\‘ff— response function y

e— i, —»

-\ | sample of original ﬁl{ct:(:’\/\r{— m+4)‘

€« [ _——»

<— 1
‘ L/I/ convolution I\ ‘
spoiled  « unspoiled > spoiled ‘
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Convolution(V)

Zero padding

‘\//(_,_/_—— response function _H‘\“/_

H—

——

P ni_ >

A V)

< w_ »

\—‘__‘—ﬁ

not spoiled because zero

| /.;}gi‘r{al ﬁJj}c(ml\’\’\ | zero padding
V|

«m, —>

<

< 11— < m_

«——unspoiled » spotled —
but irrelevant
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Convolution(VI)

Convolving very large data sets

= f = b i £ i data (1n)
| |
0 il Lo | |
| l | | |
l | | I
I A Iy |
| 0 b | 0 |
| |
| 1 |
o |
B
| | 0 ? L
| | I 1 I
|
| | | I
| | (|:
| | |
I |
I A ¥ I A+ 8 I 2 I B+ C I ¥ C I convolution (out)

<Overlap-add method>
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2D convolution

2-D convolution
y(m,n) =h(m,n)*x(m,n)=>"> x(m',n)h(m—m’,n—n’)

x(m',n') rotate by 180 degree
and shift by (m,n)

x(m',n")

(b) output at location (m,n) is the sum of product
of quantities in the area of overlap

n n
n
_]wl x_l 1 1 5 5 1

11 m "1 1 m 310 5 2
, h(=m,—n) h(L—m,—n) | 2 3 -2 -3
M m
y(0,0) =2 y(,0)=-2+5=3
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Discrete Fourier Transform

Fourier Transform
H(f) = / h hit)e?™  tdg
h(t) = /_ H(f)e= 2t

Discrete Fourier Transform

N—-1

Hfn) = f hit)ye*™tdt e » "
- =0

DFT:
N—1
Hn — hi Eg?rikan
k=0
IDFT:
1 N-1
— — —2wikn /N
hi = 5 HZ:D H, e

N—1
L Eﬂwi_f“t;c& — A E :hk Eﬂ?r-ikn,-"N
k=0
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Fast Fourier Transform(FFT)

N—-1
H-n — Z I’i—’?ﬂ'khk W = €QWUN
=0

[Danielson&Lanczos][Cooley&Tukey]

N—1
2mighk /N
Fp=Y_ e2mkN,
=0

even odd
7
N/2—1 N/2—1

_ Z EQwik{Qj)/h’f2j+ Z EQﬂik[2j+1)/h’f2j+1

=0 §=0
N/2—1 N/2—1
_ Z EQ’:Hkrjf(h'fﬂjfgj + H_fﬁc Z EQWﬁkjf{h‘fQ}f2j+1
3=0 G=0

= F +W" F?
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Decimation-in-time FFT

Cooley-Tukey Algorithm

0) 4-point FFT
‘ = -
4 wo

@ 5 4
f(2)

©
fe)y| wo

‘ >
£(1)

® >
fB) | wo

' >
£(3)

@ >@
7] wo

‘ >
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Sande-Tukey Algorithm

Power of 2 Sampling

N=2"
Exponential Power Formulation

N-1 o
Fi = ¥ fie ™V k=0,1,...N -1
k=0
N-1 )
= ¥ ', k=0,1,..N-1
k=0

W= 6—;-1}'.“!

Transform Splitting

lﬂ.rlllrﬂ_l ] T N-1 - -
F} = E fke—i_ﬂjk.l'r:'\- + Z fke—zﬂﬂ_‘rkfﬁ
F=0 k=N/2
ﬂ'ff—] . N,l"f—l o y r
= ) fue Yy > m-r:'c'f:e_"“i'[m'hw-}'fﬂ
k=0 m=0
Nj2-1 N o
- RED (fi +e™™ franyr)e =7

&= 1y

Even Frequency Numbers
Nj2-1

Foy = ¥ (fe+ froap)e =8N
=0

N2 - -
= Z (fk + fk+ﬂrfﬂje_l_.ﬂjkf{-n}r—']
f=l)

Nj1-1

= ¥ (fit franp)u™*

k=0

Odd Frequency Numbers
Nj1-1

Fris = ¥ (fk—fk+_w,fi)€_£ﬂ2j+mm

Nfa-1

= L (fem fk+h‘;:}e_ﬂm’“f‘“"c—ﬂrrr'k}[Nfz)
k=0

Nf2-1

= % (fe = franputu®
k=0

Half-size Sequences
g = fet fitny
he = (fe — fesmp)u®
Half-size Transforms
Fj = Gj
Frip = H;
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Decimation-in-frequency FFT(l)

Sande-Tukey Algorithm

£(0) + 2(0) F(0)
7z, . .
(1) + g(1) F(2)
2 ] (N/2)-point -
£(2) + 2(2) DET F(4)

£(3) ‘ iy <(3) F(6)
000 ; ' '

f(4) ‘ ‘ + WO  h(0) F(1)

1) o W) F)

7 i (N/2)-point -

S £16) + W2 h(2) DFT F(5)
£(7) + w3 h(3) F(7)
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Decimation-in-frequency FFT (Il)

F(0)

F(4)

F(2)

F(6)

F(1)

F(5)

F(3)

® 6 6 o o o o o

F(7)
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Why FFT?

[ ]
|
2000 .
|
I
/]

DFT(-~N?)

1000

Operations

4

Samples

Further reading: http://en.wikipedia.org/wiki/Cooley-Tukey FFT_algorithm
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Computation of FFT(l)

real array of length 2N

-~

(1) real

(2) 1mag

() real

(3 1mag
< =
< >

r =10
s = A
b r= (N = 2)A
L= (V= DA

real array of length 2N

-~

(1) real
___________ =0
(2) 1mag “
© w1
@ imag NA
< =3
< >
SR | PR
@ imag . NA
F.
real
@ ______ »}“:iL (combination)
QD imag |24
Coo el ([ 2o
1mag . JVA
= s
< >
_ @epreal ||
S NA

input and output of fourl() in NR In C
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Computation of FFT(II)

Eg. FFT

A Discrete-Time Signal x(k)

100 200 300 400

200

&00

The Magnitude Spectrum of =(k)

25':' T T T T T

200

150

100+ 5
a0 .
e | , ,
] a0 100 150 200 2480

f(Hz)
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2D FFT(1)

No—1N1—1

;.'j =0 k =

—
el

[.I'I-'] .

H {1y, 1) = FFT-on-index-1 (FFT-on-index-2 [hi{ky, ka)])
— FFT-on-index-2 (FFT-on-index-1 [i (&, ka)])

~data [1] row of 2N, float numbers
4

e

f ’ .
L

- |

. I

1

1

L

1
I{-:i]m
1

-

oW ]

JU U U0

oW :

o VY

row _'\"I f2

row N /2 + 1

row N /2 + 2

VAL

ANARANANS

1 1

T 1 1

row N I E E
1 1

A
I

-
data [2NN;]=-="
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2D FFT(I)

* Generalization to L-dimension

Np—1 Ni—1

Z e Z exp(2mikpng /Np) x - -+

by =0 k=0
x E}{p[gﬂiklﬂlfﬁrl} h[:kh c e ,R‘L:]

Hirng, ... .ng)
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2D FET(IN)

Eg. 2D FFT

A Two-Dirmensional Signal z(k, i)

Two-Dirmensional Magnitude Spectrum Afm m

AOO e T

son.
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