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Digital Signal Processing

◼ Linear Systems

◼ Sampling and Reconstruction

◼ Convolution

◼ Discrete Fourier Transform

◼  Fast Fourier Transform(FFT)

◼  Multi-dimensional FFT
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Linear Systems

Linear System

H

input output

[ from Wikipedia]
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Notation and definitions

◼ One-dimensional signal

❖ Continuous signal : 

❖ Sampled signal : 

◼ Two-dimensional signal

❖ Continuous signal : 

❖ Sampled signal :

➢ i, j, k, l, m, n, … are usually used to specify integer 

indices

❖ Separable form :
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◼ 2-D delta function

❖ Dirac :

➢ Property

➢ Scaling : 

❖ Kronecker delta : 

➢ Property
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Delta function
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◼ Some special signals(or functions)

Special signals
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Linear and shift invariant systems 

◼ Linearity

)(),(,,),,(),( 21212211 += xxaafornmyanmya
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• Definition of impulse response 
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• Output of linear systems
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by superposition
impulse response, unit sample response,

 point spread function(PSF)

H[  ] y(m,n)=H x(m,n)[ ]x m,n( )
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◼ Shift invariance
andnmxHnmyIf )],([),( =

Output of LSI(linear shift invariant) systems
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by superposition

of linearity

by definition of

 impulse response

by shift invariance



(2-D convolution)

Shift invariance
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◼ Stability

❖ Definition : bounded input, bounded output

❖ Stable LSI systems(necessary and sufficient condition)
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Stability
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The Fourier transform

◼ Definition

❖ 1-D Fourier transform

❖ 2-D Fourier transform
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◼ Properties

❖ f(t) → F() ;  = angular frequency

❖  f(x,y) → F(u,v) ; u,v = spatial frequencies that represent 

the luminance change with respect 

to spatial distance

Frequency domain
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❖ Uniqueness 

➢             and              are unique with respect to one 

another

❖ Separability

❖ Convolution theorem
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Properties of Fourier transform
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❖ Inner product preservation

❖ Hankel transform : polar coordinate form of FT
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Setting h=f, Parseval energy conservation formula

   


−



−



−



−
= dudvvuFdxdyyxf 22 |),(||),(|

)sin,cos(),(  FFp 

 


−−=



2

0 0
)]cos(2exp[),( rdrdrjrf p

)sin,cos(),(  rrfrf p =where



Department of Computer Science, Hanyang University

◼ 1-D case
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Fourier series
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2D Fourier series

◼ 2-D case

❖              is periodic : period = 1

❖ Sufficient condition for existence of 
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original 256x256 lena 

normalized spectrum

(log-scale) 

Eg. 2D Fourier transform



Department of Computer Science, Hanyang University



Department of Computer Science, Hanyang University

Sampling and aliasing
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Sampling Theory

◼ For One-Dimensional Signal
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fs =1/ t Nyquist Sampling Rate

fs > 2B

f

Ss(f)



-2fs -fs fs 2fs0
f

-B B

Sg(f)

f

Sgs(f)



-2fs -fs fs 2fs 3fs 4fs

reconstruction filter

B-B

Sampling Theory (cont.)

◼ For One-Dimensional Signal (cont.)
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Fourier Transform of

 a bandlimited function
Its region of support

Sampling Theory(cont.)

◼ For Two-Dimensional Signal

❖ Band-limited Image
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Sampling Theory (cont.)

◼ For Two-Dimensional Signal (cont.)

❖ Structure

➢ Orthogonal Structure (Rectangular Tesselation)

➢ Field Quincunx Structure (Triangular Tesselation)
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Sampling Theory(cont.)

◼ For Two-Dimensional Signal(cont.)

❖ Structure(cont.)
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2D sampling

◼ For Two-Dimensional Signal (cont.)

❖ Orthogonal Structure (Rectangular Tesselation)

➢ Sampling Function
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2D sampling - Spectrum

◼ For Two-Dimensional Signal (cont.)

❖ Orthogonal Structure (cont.)

➢ Spectrum of sampled signals

x

y

y x
u

v

v uu

v

v u

(a) sampling function (b) spectrum of sampling 

function and signal
(c) spectrum of sampled signal

x

y
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◼ For Two-Dimensional Signal(cont.)

❖ Orthogonal Structure(cont.)

➢ Reconstruction of the original image from its samples

➢ Nyquist Sampling Rate(or Frequency) and Nyquist 

Interval
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2D sampling - Reconstruction
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Reconstruction Filter
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Aliasing effect

◼ For Two-Dimensional Signal(cont.)

❖ Orthogonal Structure(cont.)

➢ Aliasing Effect
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Zone Plate image ( = 1) Aliasing   ( = 2)

Eg. Aliasing

◼ For Two-Dimensional Signal (cont.)

❖ Orthogonal Structure (cont.)

➢ Aliasing Effect (cont.)
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Eg. Aliasing

Little aliasing due to an effective antialiasing filter Noticeable aliasing

◼ Examples
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Practical limitations in sampling

◼ Practical Limitations

❖ Real-world images are not band-limited.

 aliasing errors

 can be reduced by LPF before sampling

 LPF attenuate higher spatial frequencies

 Resolution loss

 blurring

❖ No ideal LPF at reconstruction stage.
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Sampling aperture 

◼ Finite aperture (finite duration pulse)
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Reconstruction

◼ Reconstruction of a signal from its sample using 

interpolation
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Linear interpolation

◼ linear interpolation
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Sampling Theory(cont.)
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Convolution(I)

◼ Def.
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Convolution(II)

◼ Convolution theorem

o  direct convolution➔ complex computation

o FFT and multiplication➔ less computation
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Convolution(III)

◼ Convolution of discrete sampled function
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Convolution(IV)

◼ Trouble in using DFT of finite duration

➔ End effects

 ➔ Treated by zero padding

◼ End effect
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Convolution(V)

◼ Zero padding
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Convolution(VI)

◼ Convolving very large data sets

<Overlap-add method>
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Discrete Fourier Transform

◼ Fourier Transform

 

◼ Discrete Fourier Transform

    

     DFT:

   

     

 IDFT:
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Fast Fourier Transform(FFT)

[Danielson&Lanczos][Cooley&Tukey]

even odd
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Decimation-in-time FFT

Cooley-Tukey Algorithm

4-point FFT
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Sande-Tukey Algorithm
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Decimation-in-frequency FFT(I)

Sande-Tukey Algorithm
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Decimation-in-frequency FFT (II)
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Why FFT?

Further reading: http://en.wikipedia.org/wiki/Cooley-Tukey_FFT_algorithm
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Computation of FFT(I)

input and output of four1() in NR in C
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Computation of FFT(II)

◼ Eg. FFT
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2D FFT(I)
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2D FFT(II)

* Generalization to L-dimension
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2D FFT(III)

◼ Eg. 2D FFT
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