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Fitting

Exact fit
< Interpolation
< Extrapolation

Approximate fit
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Welerstrass Approximation Theorem

Suppose that f is defined and continuous on [a, b]. For each & = 0, there exists a
polynomial P(x) defined on [a, b], with the property that

|f(x)— P(x)| < e, for all x € [a, b].

A |
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Approximation error

Al |

Better
approximation
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Lagrange Interpolating Polynomial

L) = )
_ (x—x ) x—xy)(x—x,)
(xo_xl)(xo_jCZ)'“(xo_xﬂ)
B { 1, x=x,
L0, x=x.x,,000x,
2 X— X
Lf(x): ,%=]'D_!:k¢:£ ( xz-—xi )

P, (x)=L,(x)f,+L(x)f++L(x)F,
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lllustration of Lagrange polynomial

P (x)=L(x)f,+ L (x)fi+ -+ L,(xF,

f, Lo(x )0 £
f, Li(x)f, L3ty
N f,
s Y
X0 X1 X2 2

* Unique
* Too much complex
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Error analysis for intpl. polynmi(l)
Ax) — P, (%)

(x—x ) x—x)(x—x,) w(x)

E(x)

then

Ax)—P,(x0) —(x—x ) x—x)(x—x,)ulx) = 0
Let

(=R —P,()—(t—x )(t—x)(F—x,)u(x)

() =0 has (n+2) solutions s.t.

v(x)=0 (=0,1,2,-,n)
[v(.%)=0
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Error analysis for intpl. polynml(ll)

#* Generalized Roll's Theorem
v (D=0 = (nt+1) solutions
v (D=0 = n solutions
Lo D=0 =
(=&
am—l—l
p 2T = S v(D] e
= fTOE —0—(n+D!u(x)=0,
X =EZx,

—_— (n+1)
") = Jéw 1()?

E(x)=(x—x0)(x—xﬂ) {(;111()51) ’ ,’X,‘Dﬁfﬁx

H

Department of Computer Science, Hanyang University



Differences

Difference
< Forward difference : Afi = Af (Xi) - fi+1 - fi

+ Backward difference: V. = Vf (Xi) = f - fi_l

« Central difference : ~ §f =4 f(x ,)="f, -f
f fi+1
f. IAfi
fiy IVfi

Xi—l ()\(i T Xi+1
28

< | »
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Divided Differences

[t L f
f[XO’Xl]: 1 > = f'(651)’ Xogé:lSXl
1 XO fo
- 15t order divided difference |
Xo 5 X
f[XO’Xl’XZ]: f[Xl’XZ]_ f[XO’Xl]
Xz_Xo
f, f f

n 1 n 2
(Xo - X1)(Xo o Xz) (Xl o Xo)(X1_X2) (Xz _ Xo)(xz o Xl)
- 2nd order divided difference
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N-th divided difference

fIx e X D= DX, X, ]
Xn — %o

fo 4o+ fn
(XO_Xl)”'(XO_Xn) (Xn_XO)”'(Xn_Xn—l)

X %] =

First Second Third
Sfix) Divided Differences Divided Differences Divided Differences
fxol
flxo, ] = Lot
flxl Y fxo, x1.x2] = ﬂ'ﬁ"?z]:.{n[-'fn:-ﬁ]
Ty nl= ﬂfj_:.ﬁ&d flxg. X1 X2, 03] = f[-*l1-‘2=-f:j:{n[-fn,-n,-f:a]
Jlxal L1, X2, x3] = f[-fz,-?j:{l[.n 3]
Sl x3]l= %.ﬁ[ﬂ X1, X2, X3, x4] = f[-f:e‘-fs,-itj:{l[n,.rz,.rs]
X3 Jlxs] Fly. 3. xy] = Lhsasial [l
s, xal = .&‘;4]_:%31 Flxa, x3. x4, x5] = f['*31-'f4=-'?5]:{2[-'f2 3.4
Aq S [x4] flx3. Xy x5] = f[-f4,-'f:5]:{3[-'f3 2y
[l xs] = Lt
flxs]
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Newton’s Intpl. Polynomials(l)

Assume (n+l) points (xy,%), =+, (x,,f,) are on

Pﬂ(.%‘) — fg‘|‘(?C_?CD)&I-F(_’)C—;{D)(_%—_@CI)QZ_|_...
F e x )=y (xmx, D,

Then
P(x)—P, (x) = (x—x ) x—x)(x—x,_ ,)a,

f f 5 I
fn:):ull/'/_’H &/ »P (x)

X
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Newton’s Intpl. Polynomials(ll)

Since P (x,)=1F,,

_ fﬂ_PH—l(xﬂ)
s (xﬂ_xﬂ)(xﬂ_xl)'“(xﬂ_xﬂ—l)

a

It 1s easy to show that
gﬂ:ﬁx{}!xl!"‘!xﬂ]

Therefore

Pl(.%‘) — f{}_l_(x_x{}).f[x{}s-x]_]

P (x) = fi+(x—x)Mx,, 2]+
+(x—x)x—x)(x—x,_DAxg, -, x,]
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Different interpretation

Finding the coefficients of Newton polynomial
= Solving linear equations

1 I — Ip

1 TIo — Xy (Ig—In)(Ig—Il} —

1 T — Iy . . 1__[;:;3 (Ik — Ij) _Ek_ _yk_

[from Wikipedia]
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Newton’s Forward Difference
Interpolating Polynomials(l)

< Equal Interval h
X. =X, +1-h

< Derivation

n=1
f.— f f.— f 1
al=f[X0,X1]:X1_X0: 1h Ozllh
1 0 -

Af,

n=2

32 = f[XO’Xsz] _ f[X1’X2] _f[Xo,X1]

Xy — Xy

A%_A%:A]?_A/E): 1 A2f
X, — X, 2h° o1p?
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Newton’s Forward Difference
Interpolating Polynomials(Il)
Generalization

a, = f[XO""’Xn]: f[Xl,-.-,Xn]— f[XO""’Xn—l]

nh
1
= - A" fo
n'h
- n!
=LA, (X =X, +sh)
k=0 k

Binomial coef.

<« Error Analysis

E(x) = [n jljh””f 0D (£) = 0(h™), X, <E<X

S
_( jArHlfo
n+1

12
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Intpl. of Multivariate Function

e Successive univariate polynomial
* Direct mutivariate polynomial

@
@ @
sSuccessive direct
univariate multivariate
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Eg. Bilinear Interpolation

(X1,_V2) (Xz,yz)

(x,y)
Bilinear Interpolation

(X1, 1) (X2, 1)
o =0 +o +
o] +0

Intensity of
Int lated
xel

Each Pixel

Figure 1
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Eg. Bicubic interpolation

Bicubic Interpolation

Source |Intensity Level
Image of Pixel Figure 2
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Inverse Interpolation

= finding X(f)
< Utilization of Newton’s polynomial
f(x)=zPh,(xX)=f + ®_ X;) FIx, %41
+ (X = X )(X = X,4) TIX; X105 X5 ]

+(X_ Xi)"' (X_Xi+n—1)f[xi""’xi+n]
Solve fo
X = X) _ fi _{(X _ Xi)(X _ Xi+1) f [Xi’xi+1’ Xi+2]Jr } X
f[xi’xi+1]
1st approximation
_ f(x)-f Ly
1 f[Xi’xi+1] |

2nd approximation

X, = f(X)— fi B (Xl B Xi)(Xl B Xi+1)f[xi’xi+1’xi+2] Ly

f [Xi’ Xi+1] |
Repeat until
a convergence
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Spline Interpolation

Why spline?
(" Linear spline N
spline Quadratic spline .\./.
| Cubic spline
| s fi—l(Xi) = fi (Xi)
polynomial " "
o fi—l(xi) = fi (Xi)
Continuity

0-order

/ﬂ(\

. imation !!
Good approximation !! torder 7N’
TN

 Moderate complexity !!

2-order
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Cubic spline interpolation(l)

Cubic Spline Interpolation at an interval [Xi ; Xi+1]

FOx) = (=) 4 b 00- )"+ 0 (- )+ 4

4 unknowns for each interval
An unknowns for n intervals

3) continuity of f

fil—l(Xi): fi'(xi)! =12, ,n-1 @

4) continuity of f”

fiil(xi): fi”(xi)i i:1,2,~~- ,n—l @
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Cubic spline interpolation(ll)

Determining boundary condition
" Method 1: f,(%,)=0, f _,(x,)=0 natual cubic

Method 2 fo"(xo) = fo"(x1)’ fn"—l(Xn—l) = fn"—l(xn)

fn—2 (Xn—z) + fn"—l(xn)
2

fy () + £ 06) o

“ Method 3: f,'(x)= > (X ) =
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Eg. CG modeling

Non-Uniform Rational B-Spline
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http://www.turbosquid.com/HTMLClient/FullPreview/FullPreview.cfm/ID/171082/Action/FullPreview

Homework 5

[Due: 17 Nov.]
Programming: Resampling of image
<« Read an image file and identify the resolution and
resample it to a specified resolution
< |Input: Target resolution(M’xN")
< Output: Resampled image
< Method: Bilinear interpolation

Resampllng
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