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Assembly-line scheduling

assembly line

= nstations: S; completed auto exits
= Assembly time in the ith station: a;

= Entrytime:e

= Exittime : x

chassis enters

© The problem: Determine the fastest assembly time



Assembly-line scheduling
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Assembly-line scheduling
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chassis enters
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Assembly-line scheduling

line 1
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= Transfer time: t;; 6



Assembly-line scheduling

o Brute-force approach
e Enumerate all possible ways and find a fastest way.
e There are 2" possible ways: Too many.



Assembly-line scheduling

The fastest way to S;; goes through S, or S, ;.




Assembly-line scheduling

o Dynamic programming
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Assembly-line scheduling
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Assembly-line scheduling

chssis enters
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o Fastest way
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling

chfissis enters
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Assembly-line scheduling

FASTEST-WAY (a, t, e, X, n)

1
2
3
4
5
6
/
8

9
10
11
12
13

14
15
16
17
18

s[1][1] = e[1] + a[1][1]
s[2][1] = e[2] + a[2][1]

forj=2ton
if s[1][j—1] < s[2][j—1] + t[2][j—1]
f[[ll]][[ll]] =s[1] b—1] + a[1][i]
elf[e ibl]][l] =s[2]0—1] + t[2][i—1] + a[1][i]

if s[2][j—1] < s[1][j—1] + t[1][j—1]
s[2][j] = s[2][i—1] + a[2][J]
I[2][1] = 2 _ _ _
else s[2][j] = s[1]1[J—1] + t[1][j—1] + a[2][j]
I[2]0]1 =1
if s[1][n] + X[1] < s[2][n] + X[2]
s* = S[10n] + (1]
else s* = s[2][n] + X[2]
[*=2
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Assembly-line scheduling

PRINT-STATIONS (I, I*, n)

1 1=1I*

2 print"line " 1", station" n

3 forj=ndownto 2

4 1 =10]h]

5 print "line " 1", station" j — 1

¢ Result of PRINT-STATIONS

line 1, station 6
line 2, station 5

line 2, station 4 L 112131415

line 1, station 3 1 112011112

line 2, station 2
line 1, station 1




Assembly-line scheduling

@ Space consumption
e Tables: 2n
e Tablel: 2n
e O(n) elements in total.

¢ Running time
e Computing each element requires ®(1) time.
e O(n) time In total

17



Assembly-line scheduling

¢ Fastest time only
e O(1) space
o Table | is not necessary.
o Tables
e 2nelements - 4 elements
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Assembly-line scheduling
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line 1

Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling
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Assembly-line scheduling

¢ Fastest time only
e O(1) space
o Tables
e 2nelements = 4 elements
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Rod cutting

¢ The rod-cutting problem: Given a rod of length n inches and a
table of prices p; for i =1, 2, ... n, determine the maximum

revenue r, obtainable by cutting up the rod and selling the
pleces.
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r'n = max(p| +rn—i)

1<i<n
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Rod cutting
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Rod cutting
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Rod cutting
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Rod cutting
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Rod cutting

45550 oA 4iS08 9 e=1

D o & i
e e
N 01 01N

9 .10 17 17 20 24 . 30
10- wlsw v 1Tn k8| 227125 130
Bt 202 0T STMIDE £ S 1)

W 0 00| Ww



Rod cutting

EXTENDED-BOTTOM-UP-CUT-ROD (p, n)
1 letr[0..n]ands[0 .. n] be new arrays
2 r[0]=0
3 forj=1ton
4 q=-—
5 fori=1to]
6 ifqg<p[i]+r[j—i]
/ q=ph]+rl)—1]
8 sLil=1
9 rlil=q
0

1 returnr and s



Rod cutting

PRINT-CUT-ROD-SOLUTION(p, n)

1 (r,s) =EXTENDED-BOTTOM-UP-CUT-ROD (p, n)
2 whilen>0

3  prints|n]

4  n=n-gs[n]

40



Rod cutting
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Rod cutting

© Space consumption

e O(N)

¢ Running time
o 0O(N?
o 1+2+3+4+ ---+n=n(n+l)/2
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Rod cutting

o Table r can be reduced like table s in assembly-line
scheduling?
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Longest common subsequence

o Definition
e Character

e String (or sequence): A list of characters
o ex>strings over {0,1}: Binary strings
o ex>strings over {A,C,G,T}: DNA sequences
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Longest common subsequence

e Substring
o CBD is asubstring of ABCBDAB

e Subsequence
o BCDB is a subsequence of ABCBDAB

e Common subsequence
o BCA is a common subsequence of
X=ABCBDAB and Y=BDCABA

46



Longest common subsequence

o Longest common subsequence (LCS)
e BCBA is a longest common subsequence of X and Y

X=ABCBDAB

N

Y=BDCABA
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Longest common subsequence

o Brute force approach

e Enumerate all subsequences of X and check each subsequence
If it 1s also a subsequence of Y and find the longest one.

e Infeasible!
o The number of subsequences of X is 2™,

48



Longest common subsequence

¢ Dynamic programming
e The ith prefix X, of X Is X;=X;X,...X;
e If X=ABCBDAB

o X,=ABCB
o Xy=

49



Longest common subsequence

If x..=y,, thenz,=x_=y, and Z, ; isan LCS of X_,and Y, ;.

X=ABCBDAB
8
Y=BDCAB

50



Longest common subsequence

If X 2y, Z1san LCS of X, and Y oran LCS of Xand Y, ;.

X=ABCBDAB X=ABCBDAB

ey Fek e

Y=BDCAA Y=BDCAA
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o cfijpl:

cli][J] =

Longest common subsequence

The length of an LCS of the sequences X; and Y; .

0 ifi=0or j=0,
cfi—1[j-1]+1 ifi,j>0andx =y

j 1

max(clil[j~1L.cli—M[jl)  ifi,j>0andx =y,.
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Longest common subsequence
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Longest common subsequence

LCS-LENGTH (X, Y)

1 m=X.length
2 n=Y.length
3 letb[1..m][1l..n]andc[0..m][O..n] be new tables
4 fori=1tom
5 c[i][0] =0
6 forj=0ton
7 clO][j] =0
8 fori=1tom
9 forj=1ton
10 Ifx, ==y,
11 clijfl=cli—1]j — 1]+ 1
12 b[il[[]=""~"
13 elseif c[i — 1][j] = c[i][j — 1]
14 clilp] = i — 1]0]
15 b[1]0] = "1"
16 else c[i][j] = c[il[j — 1]
17 b[i][j] = "<"

18 returncandb
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Longest common subsequence

PRINT-LCS (b, X, i, j)

1

2
3
4
5
6
/
8

ifi==0o0rj==0
return
ifb[i][j] ==""~\"
PRINT-LCS (b, X, i —1,j — 1)
print X;
elseif b[i][j] == "1"
PRINT-LCS (b, X, 1 —1,j)
else PRINT-LCS (b, X, i, ] — 1)
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Longest common subsequence

o Multiple LCSs
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Longest common subsequence

o Multiple LCSs
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Longest common subsequence

o Multiple LCSs
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Longest common subsequence
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Longest common subsequence

© Space: O(mn)
¢ Time: ®(mn)
e Space reduction: ® (min(m,n)) (LCS length only)
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence

P

~N O O B~ WON PP O -

@ > U ™ O W >

/1



Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence
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Longest common subsequence

e Space reduction: ® (min(m,n)) (LCS length only)
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Matrix-chain multiplication

¢ Multiplying two matrices A and B

e A(pXq)and B (rxs) can be multiplied only if g =.

O
Y
000| X {J e { OOJ
(A 2x3) (B 3x2) (C 2x2)

e IfAisapXqmatrixand B isagXr matrix,
the resulting matrix is a pXr matrix.

¢ The number of scalar multiplications is pgr .

e pr elements are computed and each element needs g scalar
multiplications. 79



Matrix-chain multiplication

o The order of multiplications
(Ar-Ag) -Ag = Ar- (A - Ag)

e It does not change the value of computation.

e However, it changes the amount of computation.
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Matrix-chain multiplication

o Computing A;AA; where A;:10x100 A,:100x5 A;:5%50
o (A1 Ay Ag
o (A;A,)=10*100*5=5000, (10 X5)A, = 10*5*50 = 2500
=>5000 + 2500 = 7,500
o A (A AY)
o (A, A;)=100*5*50=25000, A,(100 x 50) =10 *100*50 = 50000
=>25000 + 50000 = 75,000

e Computing (A; A,) A;is 10 times faster.
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Matrix-chain multiplication

¢ Matrix-chain multiplication problem

e Givenachain A, A,, ..., A, of n matrices, where matrix A,
has dimension p; , Xp;, find the order of matrix
multiplications minimizing the scalar multiplications to
compute the product.

e That s, to fully parenthesize the product of matrices
minimizing scalar

® A PoXPr Ayl PrXPy, Agl P Xps ...
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Matrix-chain multiplication

o The product A; A, A; A, can be fully parenthesized in
five distinct ways.

Ai(Ax(Az Ag)), A((A; Ag) Ay),
(A A)(Az Ay),
(Ar(Az Ag))As ((Ay Ag) Ag) Ay
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Matrix-chain multiplication

o The Brute-force approach is inefficient.

e The number of parenthesizations of a product of n matrices,
denoted by P(n), is as follows.

1 if n=1
Rt

ZP(k)P(n—k) if n>2

Q=1 q

e The number of enumerated parenthesizations is Q(4"/n32).
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Matrix-chain multiplication

¢ Dynamic programming
o Optimal substructure
m[i][j]: The minimum number of scalar multiplications for

computing

mli[]=

PR A

0 ifi=]

matrix A; :
computing

il migee TIPS Pl Fifi<g

Pir X P;
Ak Agsr-j takes p 4 py p; scalar multiplications.

s[i][J] stores the optimal k for tracing the optimal solution.
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Matrix-chain multiplication

N | 1 2 i VR RS I Ni|2[3]4]5]6
i Jio 15750| 7875 | 9375(11875{15125] [1 |1 [1[3]3]3
2 ©  |@625) 4375|7125 |10500] |2 2(3[3]3
3 o |750 @ 5375 3 Clia Bl s
4 o |@oo0) 3500 |4 4|5
5 0 50004 5 5
6 0 S
0 30
1 | (35)
m[2][2] + 3T151+p[L] p[2] p[5] = 0 +2500+35-15-20 = 13000, >
m[2][5] = min&[Z]@H m[4][5]+p[1] p[3] p[5] = 2625+1000+35-5-20 = 7125, z %
[21[4] + m[5][5]+p[1] p[4] p[5] = 4375+0 +35-10-20 = 11375 A n
_ . ¥ (A)(Az Ay As) 5 ((2(3 |
=2, J=5, I1=K<] (Az Ag)(Ay As) 5 | 25
(A2 Az A (As)
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Matrix-chain multiplication

MATRIX-CHAIN-ORDER (p)

O© 00O N O O & WD P

el ol el
A W N PP O

n=p.length — 1
let m[1..n][1..n]ands[l..n— 1][2 .. n] be new tables
fori=1ton
ml[i][i] =0
forl=2ton /'l is the chain length
fori=1lton—-1+41
j=i+1-1
m[i][] = oo
fork=itoj—1
g = m[J[K] + m[k + 1]0] + pli—1]p[KIp[]
if g <m[i][j]
m[]bl=q
s(ilb] =k

return mand s 87




Matrix-chain multiplication

PRINT-OPTIMAL-PARENS (s, 1, J)

1

2
3
4
5
6

iIfi==j
print "A;"

else print "("
PRINT-OPTIMAL-PARENS(s, 1, s[i][j])
PRINT-OPTIMAL-PARENS(s, s[i][j] + 1, )
print )"
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Matrix-chain multiplication

@ Space consumption
e O(n?) space to store m and s tables.

¢ Running time
o O(N)

ln+1n-1+2n-2+----+(n-1)-1
=1n+ Y tk(n—k)
=1 +X5tkn - XRci k2
=n+n‘(n—1)/2-n(n—1)2n—-1)/6
= (n3+5n)/6
= O(n3)
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Conclusion

Assembly-line scheduling

Rod cutting

Longest common subsequence

Matrix-chain multiplication

O(n)

O(n)

O(n?)

O(n?)

O(n)

O(n?)

O(n?)

O(n?®)
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Assembly-line scheduling (L lines)

line 1
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Transfer time: t;;

oo completed
auto exit
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Assembly-line scheduling (L lines)

line 1

O
chassis Syq @ Sy, v Sy, @ compIeFed
enters line 3 auto exit
= o
Q 532 S3n
line | :
o
Si1 Si2 e Sin 92

Transfer time: t;;



Assembly-line scheduling (L lines)

line 1

®
S11

Ilne 2 \’\

4//

enters

(e)
chassis

g
o 7
wH

3,2

=
D n
il T

a|,1 :@—»

Sia Siz

Transfer time: t;;

oo completed
auto exit
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Assembly-line scheduling (L lines)

line 1

(o) | (1) 3

2,1

chassis
enters

= =3
o & K > » (o
w N =

/r

@)

Si1 S)2
Transfer time: t;;

oo completed
auto exit
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Assembly-line scheduling (L lines)

line 1
alll al % 50 o
S1,1 S1 2 e Sl,n
line 2 @
8.2,1 #@—’ 506 0
chassis Sy Syn completed
auto exit

w
N
? ‘.N

(e)
enters |ine'3 @
° S31 @ \\ Sz,
line |

Transfer time: t;;

1
¥
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Assembly-line scheduling
(L lines, same transfer costs)

3

=
a1 N =
D wm job)
N = =
N N N
w w
N )

chassis /‘ E Syq Sy, completed
enters line 3 auto exit
@ > 8.3’2 Pk 14
° S31 Sz X Sz,
line | .
a.|,1 > a|'2 e e
S,,1 S,,2 St S,,n 96

= Transfer time: t;;



